Chaste: Finite Element Implementations

May 19, 2011

This document lists the equations and finite element implementations used in various solvers in the Chaste
codebase. Section 1 can be read as an introduction to the stages required in converting Poisson’s equation and
the heat equation into finite element linear systems, while the remaining sections can be used as references

for the equations and the solvers.
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1 Finite element solution of simple equations

1.1 Poisson’s equation

Let © Cc R™, and let Q%" and 992" be two non-intersecting subsets of the boundary of Q whose union is
the entire boundary. Consider Poisson’s equation with mixed Dirichlet-Neumann boundary conditions:

Viu = f(x) (1)
u = wu*(z) on N
Vu-n = g(x) on 9"

where n is the unit outward-facing normal.
The weak form of this equation is found by multiplying by a test function® satisfying v(9Q%") = 0 (i.e.
v is zero on the Dirichlet part of the boundary), and integrating using the divergence theorem:

0 = —/(v2u)vdv+/fvdv Yo € Vo
Q Q
= /Vu~VvdV— vVu~ndS+/fvdV Yo € Vg
Q a0 Q
= /Vu~VvdV— vVu-ndS — vVu-ndS+/fvdV Yo € Vg
Q aQdix dQnen Q

Using the facts that v is zero on 9QY and Vu - n = g on 90", we have the weak form: find u such that
u = u* on QW satisfying:

/ Vu-VodV — / guvdS +/ fvdV =0 Yv eV
Q dQmen Q

For simplicity we now just consider the case u* = 0. The finite element discretisation is obtained by
choosing a set of piecewise polynomial basis functions (such as linear basis functions), one for each node in

Q\@Qdir, i.e. one for each node at which u is unknown: {¢1, @2,...,¢n}, where N is the number of nodes;
and restricting the test functions v to just these basis functions, to obtain IV equations:
/Vu~ngSidV— gq/)idS’—i-/f(bidV i=1,...,N,
Q oQmen Q

and then approximating u by u = Zjvzl Uj¢;, where Uj is the approximation of u(z;). Since Vu is then
equal to Z;\Ll U;V¢;, this gives

/Qjﬁ;Ujvqu V¢ dV —/8

gqbidS—i—/f@dV i=1,...,N,
Qneu Q

or
Y KijUj=b, i=1,...,N,

where K is the stiffness matrix:

Ki; = / Vo, -Vo,;dV, (2)
Ja
and A
b,; = / ,(](;%51 ds — / f()[ (N/,
9Qneu Ja
or in other words, the linear system
KU =b.

'From some suitable space V (actually the Sobolev space H'). We write Vg for {v € V : v(9Q4) = 0}.



1.1.1 Applying Dirichlet boundary conditions

In practice, we allow the test functions to vary over all the nodes, and then apply the Dirichlet boundary
conditions by altering the rows of the matrix K: zeroing the row and setting the diagonal to be one; and the
vector b: setting its value to be the boundary condition value. If k£ corresponds to a node with a Dirichlet
boundary condition, the new row of the linear system looks like:

(i.e. the equation Uy, = u™(xy) in matrix form). And actually, in the code, we then alter the matrix and right-
hand-side vector again so that the k-th column of the matrix becomes zeroed with a one on the diagonal, in
order to maintain symmetry.

1.2 The heat equation

Now consider the heat equation with mixed Dirichlet-Neumann boundary conditions and an initial condition:
find u(t, z) satisfying

% = Vu (3)
u = u'(z) on QW
Vu-n = g(x) on 9"
u(0,2) = wup(x)

There are two possible time-discretisations: the explicit approach:
um+1 —um

— v2um’

At

or the implicit approach
um+1 —um

At
We choose the latter as it is unconditionally stable, and as with the finite element method (in contrast to the

finite difference method), a linear system would still have to be solved if the explicit approach were taken.
For the heat equation with a nonlinear source term (such as the monodomain equation—see later):

= VZymtl,

ou
— =V%u+ f(u),
e Fw)
we choose a semi-implicit discretisation
uerl —um
— = VAT f(u™), (4)

At

since a fully-implicit discretisation would require the solution of a nonlinear system.
The weak form corresponding to (3) with an implicit time-discretisation is: given u", find u
that u™ ! = u* on QI satisfying:

m+1 such

1 [ ’ 1 ) '
— / W todV 4+ [ Vet vedV = — / uvdV + / guvdS Yo eV
At Q S? At Q aQn(III



Letting v be ¢1,...,¢n as before, and with uw = > U;¢;, we get the finite element approximation

1 1
7AJU771+1 [”Um"‘v’l _ 75\[Um, b,
At o AT

where M is the mass matriz

My, = /Q 656, V.,

where K is the stiffness matrix defined in (2), and here (since we have no source term), b is just

b = / 96: 5.
aQneu

Dirichlet boundary conditions are then applied as described in Section 1.1.1.



2 Chaste PDE solvers

2.1 SimplelLinearEllipticSolver

This takes in an AbstractLinearEllipticPde and boundary conditions, which overall are of the form

V- (D@)Vu)+a(z)ut+c(z) = 0
u = u*(z) on N
(D(z)Vu) - n = g(z) on o

where D(z) is a matrix-valued function, and « and ¢ are scalar-valued functions, all provided by the user.
Note that the Neumann boundary condition the user provides is (D(x)Vu) - n, not Vu -n. When D is the
identity matrix and « = 0 this is just (1).

The weak form is: find u such that v = u* on 90" satisfying:

/ (DVu) - VodV — gudS — / auvdV — / cvdV =0 Yo e Vo
Q aQmen Ja Q

Letting v be ¢1,...,¢n and with u = )" U;¢; as before, the finite element approximation is
KU - MU = b,

where here the stiffness matrix is now dependent on the diffusion tensor D(x)
K;; = /Q Vo, - (DV¢;) dV, (5)

and the mass-matrix is dependent on a(x)

M = [ avigsav,
Q

and the right-hand-side vector is
oneu (9]

Dirichlet boundary conditions are then applied as described in Section 1.1.1. (Note also that in the code
we do not (currently) distinguish between the two matrices: the ‘full’ matrix to be assembled is A = K — M,
so the linear system is AU = b).

2.2 SimplelLinearParabolicSolver

This solver is for parabolic problems defined by an AbstractLinearParabolicPde and boundary conditions,
which overall are of the form

K9 = Y (D(@)Vu) + S, w) (©
w = u*(r) on NI

Vu-n = g(x) on 9"

u(0,2) = wup(x)

where D(z) is a matrix-valued function, and k and f are scalar-valued functions, all provided by the user.
Again, the Neumann boundary condition the user provides is (D(z)Vu) - n, not Vu - n.



Using a semi-implicit discretisation as in (4), the weak form is find v+ such that v+ = u* on 9Q4*
satisfying:

1 ) .
—/ kum o dV +/ (DVu’”'H) -VodV

1 ,
= — / ku™vdV + / flz,u™)vdV + / gvdS Yv e Vg
At Q Q aQn(III

The finite element approximation is therefore given by

1 1
— MU 4 KU = —MU™ +c,
N + K AL +c,

where K is the diffusion-tensor dependent stiffness matrix given by (5), the mass matrix depends on k(z)

My, — / kid; AV,
Q

and ¢ depends on the solution at the previous time

¢ = /Qf(x,um)ﬂsi dV—l—/amcu go; dS.

Dirichlet boundary conditions are then applied as described in Section 1.1.1. Again, in the code we do not
(currently) distinguish between the two matrices: the ‘full’ matrix to be assembled is A = K + M/At, and
the ‘full’ right-hand-side vector is b = ﬁMUm + ¢; and we then solve AU = b.

2.3 SimpleNonlinearEllipticSolver
This takes in an AbstractNonlinearEllipticPde and boundary conditions, which overall are of the form
V- (D(z,u)Vu)+ f(z,u) = 0

u = wu*(z) on N

(D(.]j, U)VU) ‘n = g(gj) on dnreu

The weak form is: find u such that v = u* on QI satisfying:

/Q (D(z,u)Vu) - VodV — /

gudS — / flz,u)vdV =0 Yo eV

The nonlinear finite element problem is then: find the solution U of the nonlinear set of equations:
f(U) = 0, where

(using u =Y U;¢,), together with the Dirichlet boundary conditions. This can be solved using the Newton

(or a Newton-like) method. f is the residual vector, and the matrix that is computed is the Jacobian, g{}_.
J

gp;dS — | f (.’I:, Z UJ®J> ¢;dV =0

neu JQ




3 Cardiac electrophsiology

3.1 The monodomain equations

The monodomain equations are

% <C%‘t/ + Tion(u, V)) — V- (cVV)+ v =, (7)
ou
E = f (u> V) ) (8)

where o(z) is an effective conductivity?, x is the surface-area-to-volume ratio, C is the capacitance across
the membrane, 1("°D(z) the stimulus current (per unit volume) and Iion(u, V') the ionic current (per unit
area) provided by the cell model.

This is exactly the form given by (6), with k = xC (constant), D = o and f(z,u) = —I — xTion(u, V).
We usually take the Neumann boundary condition to be zero for monodomain problems, although we can
also use an surface stimulus, in which case g = I®"™) (). The weak form and finite element discretisation
are therefore those given in Section 2.2, but for easy comparison with the source code we write this out fully.
The weak form is: find V™! satisfying

xC

—/ V7n+17}d3X+/ (vam+l) Vo d®x
At Jq Jo

— & / Vm?) d3X - / (I<VOI) + Xlion(u7 Vm)) v d3X
At JO JQ

+ / 16wy, 48 Yo e Vg
J oqmeu

(having used d®x rather than dV as V denotes voltage), giving the FE problem

XC , - m-—+1 XC A m
M+K |V ="—MV )
<Az€ + x) At +c,

where M;; = [¢:6; d3x, Kij= [V, (cV,)) d’x and

ci=— / (10D + XFion (1w, V™)) 6 dPx + / 16w g, 4.
Q oneu

The only complication is that the cell model ODEs are given at the nodes (not quadrature points), so
Tion(u, V) is only initially known at the nodes, and has to be interpolated onto the quadrature points

3.2 The bidomain equations

The bidomain problem in full generality is: find V (¢, z) and ¢, (¢, x) satisfying:

aV VO
X (catuim(u, v>) ~V @V (V) = 1", (9)
V- (0;VV + (0, +00) Vo) = I (10)
ou
E = f(u,V),

2The monodomain equations apply if the extracellular conductivity o is a multiple of the intracellular conductivity o;:

oe = Ao; say. The effective conductivity for the monodomain equation is then o = H%U,‘.



where It(;’f;l) =1 i(VOD + IéVOI), with boundary conditions
n (@ V(©V+e) = I (11)
n-(0.Ve,) = I8, (12)

There are now two PDEs, so there are two equations in the weak form: find V', ¢, satisfying

C ) ) .
X / Vil dPx 4 / (@ V (V™ 4 ¢ ) - Vo d®x
At Q
XC / m 3 / (vol) m 3
= VMudix — I + XLion (0, V™) ) vd°x
At Q ( )

+ / 15"y ds Vv € Vo (13)
dgzueu
and

/ (0:VV + (05 + 0.) Vo) - Vod®x
Q

vol surf
= / It(ot 1% ’d3 /’)Q It<otdl> ds Vv e ‘/0 (14)

(where It(cs)tal is obviously 75" 4 {0y,

For the finite element discretisation, we choose a set of basis functions 1,9, ...,%y (now using 1
instead of ¢ for basis functions as the latter denotes electrical potential), set V' =>_ Vitby, and ¢ = > Ppa)y
(now avoiding the use of ¢ as a subscript, since it denotes ‘intracellular’), and set v = ¢; in turn in (13)
and (14) to obtain 2N equations. For any particular conductivity o, let us define the stiffness matrix K|o]

by
(K[o]), = /Q Vi, - (Vi) dx. (15)

The first N equations are:

XC p pymt Klo ]V + Ko, @7 = XC oy pym cW,

At At
(here ®, = (Pq,...,Px)), where
! = / - <Ii(V01) + Xion (u, Vm)) by dx + / 15,48, (16)
Q dQmen

The second N equations are:
K[V + Klo; 4+ 0@ = ¢@),

where

= - /Q Iy dPx + /8 L as.

Note: in the code, we do not allow the direct specification of Iéml), and in order for compatibility conditions

to be satisfied?, force Itgsal to be zero (i.e. implicitly choose I¢ (vol) _ IZ.(VOI)

surf
C§»2) = / It(otal)wj ds
aQneu

), so that actually

only?.

3See numerics paper.

4f8§2“°“ It(cs)tu;f) dS also needs to be zero (if no Dirichlet boundary conditions), so the electrodes class makes sure Iésurf) takes

equal and opposite values on the opposite faces of the bath.



Overall, we have the 2N equations

<§M1+Kb@ Kloi] )(\W*l):<;§Mvm+dU>

Kloi] K[o; + 0] Pmt1 ¢

3.3 The bidomain equations with a perfusing bath

For the bidomain problem with a perfusing bath, the implementation quickly becomes more difficult to
write, so for clarity let us temporarily take all the stimuli to be zero, and also take x = C = 1. We will also
occasionally write ¢; instead of V + ¢, again for clarity.

We suppose there are two disjoint domains, € (tissue) and €, (the bath), with interface 92 (the boundary
of the tissue). In this problem ¢; (and therefore V') is only defined in Q, but ¢, is defined throughout QU .

973

Figure 1: Domains in a model of cardiac tissue contained in a conductive bath.

The problem to be solved is: find V € H*(Q) and ¢. € H'(Q U Q) satisfying

887‘; — v . (aqubl) —|— Iion = 0, iIl Q (17)
V- (O'Z‘V¢i + aquzSe) = 0, in (18)
V- (osVoe) = 0, in Qp (19)
ou
il f(uV),
with boundary conditions:

n-(o;Vep;) = 0, on 9N (i.e. tissue boundary) (20)
n-(op,Ve.) = 0, on 9\ (i.e. bath boundary) (21)

and suitable initial conditions. An interface boundary condition is also required: it is

n-(0.Voe +n- (0, Ve =0 on 0N (22)

) |Q—>BQ ) |Qb—>89

(where ‘Qﬁaﬂ denotes the limit as x € Q tends to 9€2), and ’Qbﬁaﬂ denotes the limit as x € € tends to
). This is the condition which will arise naturally in the weak form (see below).



The first equation of weak form is found by multiplying (17) by v € H() and integrating using the
divergence theorem:

0 = /7Ud3x+/ (JchzSi)-Vvd?’xf/ v(oiV¢i)~ndS+/Lonvd3X Vo € HY()
o Q

/—vd3x+/ (adibi)~Vvd3x+/Iionvd3X Vo e HY()
Q

the boundary integral vanishing due to (20).

The second equation in the weak form is found by multiplying (18) and (19) (essentially one equation
over the whole domain QU Q) by w € H'(Q2 U Q) (note the larger domain) and integrating using the
divergence theorem:

0= / (UZV@ + Uev¢e) -Vw dSX - / w (Uzv¢z + 0€V¢e) . n|Q—>BQ dS
Q [019]

+/ (b Vo) - Vwd’x — / w(op Vo) - n|Qb—>aQ ds — / w(op V) -ndS Yw e H (QU Q)
o, o9 o

Here, the last boundary integral vanishes due to the boundary condition (21), as does the first part of the

first boundary integral, fBQ w(o;V ;) - n‘gﬂfm dS, due to (20). The remaining boundary terms are

— w (0. Voe) - n dS—/ w(op V) -n ds
/asz ( ) ‘Qﬂag 00 (o3 ) ‘Q,ﬁasz

Now, w € H*(Q2 U ), so w continuous across the interface, i.e. w’Q_@Q = so the above is equal

to

w|9b—>BQ’

_ V) - Vo) - ds
/zmw((g 2 n‘ﬂﬂag"'(ab Pe) nbbﬂaﬂ)

which is zero due to the interface condition (22). Hence all the surface-integrals in the second equation of
the weak form also vanish.

The full weak problem is therefore: find V € H(Q2) and ¢. € H'(Q U Q) satisfying (initial conditions
and):

ov . . .
/ vd3x +/ (0;V ;) - Vo dx + / Loavd®x=0 Yove Hl(Q) (23)
o Ot Q Q
and
/ (0:V i + 0.V o) - Vw d®x +/ (0, Vo) - Vud®x =0 Ywe H(QUQ,) (24)
Q o

For the finite element discretisation, assume for convenience that Q and 2, are open (i.e. 9 is not
contained in either 2 or ;. Let K < N < N 4 M, and suppose there are K nodes in the interior of €2,
N — K nodes on the boundary 02, and M nodes in :

X1,...,Xg € and therefore & 0
XK+1,---,XN € o0
XN41y--sXN+M € and therefore ¢ OS2

as shown in Figure 1.
The basis functions are then

Uiy VK VR VNS YN - UNEM

=0 in Q4 #0 in Q or =0 in Q

10



We can write V = Zjvzl Vj1;. This technically would give V' non-zero in a small band outside €2, where

V isn’t defined, so this has to be understood to apply only for x € QU 9 (= Q). Also, ¢ = Z;V:JEM D)5

Let V.= (Vi,...,Vn), ® = (®1,..., PNy ) and define @) = (®1,...,Py), i.e. the first N components of
P.

The final finite element linear system will of size 2N + M. The first N equations are given by setting
v=1;,j=1,...,Nin (23). Since ¥n41,...,¥YN+m are zero in QU 0N, this equation is only dependent on
®y,..., Py, ie. on P(y) rather than the full ®. We get, as in Section 3.2,

L

MV™ 4+ M 2
Al +c (25)

1
m+1 ) m+1 m+1) _
MV™H 4 K[o)] (V + B )7&

where M in the N x N mass stiffness, and KJo;] is the N x N stiffness matrix using conductivity o;.
The remaining N + M equations are obtained by setting w = 91, ..., ¥ N4 in (24). This gives

N
0 = v Vi) - Vb, d3
];1 k/Q(U Yr) - Vb dx

+ Ng Py, (/Q ((0: + 00) Vi) - Vb dPx + /

(0, Vr) - Vi) dgx) j=1,...,N+ M(26)
Qp

The first term here is: K[o;]V for equations j = 1,..., N; and zero for equations j = N+1,..., N+ M (as
then ¢; = 0in Q), i.e.
K[O’Z]V } size N
0 } size M
The second term can be written as the product K®, where K is the (N + M) x (N 4+ M) matrix:
K = / (05 4 0e) Vo) - Vb dPx + / (0, Vi) - Vip; dx (27)
Q Qp

which we write in 2 by 2 block matrix form

K= ( Ka K2 ) }size v
IC(QJ) K(2,2) size M

So overall we have that (26) in matrix form is:

Vm+1
K[Uz] K(l 1) K(l 2) ] ‘I’erl ( 0 ) }first N equations of (26)
’ ’ = 28
0 K(271) /C(272) éﬁ,ﬂrl 0 } next M equations of (26) (28)

(2)

Finally, we put together (25) and (28) to get the full finite element system

M+ Ko Kloi] 0 V: LMV™ e Y n
Klo;] K, K2 ) = 0 }aize N
0 K1) K2,2) <I>g’§>“ 0 }sine M

Note that K 9y = K(2,1) and is nearly all zero—it is only non-zero at values corresponding to nodes on or
near 0f).

In practice, for implementation/parallelisation reasons, we introduce a set of dummy voltages values at
the bath nodes, Vi 1,...,VNi+a, and also include the equations

V,=0, j=N+1,...,N+M.

11



Letting V(1) = V, and V(9) = (VNy1,.--, VNym) (i.e. the vector of dummy values), and letting I5; denote
the M by M identity matrix, we have

m—+1
LM+ Klo] 0 Klo] 0 Vi LMV 4™ ] Faen
g m—+1 g
0 Iy 0 0 Viz B 0 }size M
Ko 0 ’C(l.l) /C(LQ) Q’E?;ﬂ 0 }size v
0 0 K(Z.l) IC(Z’Q) (I)"”"H 0 }m,o M

(2)

3.3.1 The bidomain problem with a bath, including stimuli and parameters

We know re-state the above without the simplications. The problem to be solved is: find V € H'(Q) and
be € HY(Q U Q) satisfying

ov vo .
XCor =V (01V6:) + xlion + v = o, in Q
V- (0;Vd;+0.Vo.) = 0, in Q
V- (0’5V(J56) = 0, in Qb
Ou
g _ ¢
o=t
with boundary conditions:
n-(o;Ve;) = I, on 9N (i.e. tissue boundary)
n-(0,Vo,) = I, on 9\ (i.e. bath boundary)

and interface boundary condition

n-(c.Voe) |Q_)aQ +n- (0, V) |Qb—>89 =0 on 0f)

Note: we are assuming 10°Y = 0 in the 2nd PDE, as described in the end of Section 3.2, i.e. implicitly

total
choosing Iéml) = fIi(VOI); we have not allowed a volume bath stimulus; and Iésurf), acting on the bath
boundary only, corresponds to electrodes.
The finite element problem is
m—+1 i
XM+ Klo] 0 Klo] 0 V) XAV™ e T Ve w
0 Inv 0 0 Vit 0 } aine a1
]&’[Ui} 0 ,C(l,l) /C(l.Q) @ET;T] 0 } size N
0 Ken Kaepz et c? b sive M

(2)

where M;j, = [y d°x is the standard mass matrix, K[o] is defined by (15), K is defined by (27), and

vol m surf
C§»1) — /Q— (Il( ) + XIion(u, 1% )) ’l/Jj d3X + /BQ Iz( )’(/}j dSv

ng) _ / 1wty ds.
o0,

12



4 Solid mechanics

We now describe how to solve solid mechanics problems using the finite element method. We assume the
material in question undergoes large deformations, which means that nonlinear elasticity (also known as
finite elasticity) has to be used, and is hyperelastic, which means there exists a strain-energy function (to
be defined shortly). We will consider both the incompressible and compressible cases.

4.1 Formulation

Let Q¢ C R? denote a body in its undeformed, stress-free configuration, and let X be a point in €. Let
the deformed configuration, under some given loads, be given by €, and let x(X) € Q be the corresponding
point in a deformed configuration.

In compressible elasticity, the unknowns to be computed are just the deformed positions x (although
equivalently everything could be written in terms of displacements; this is usually the case for linearly elastic
problems).

In incompressible elasticity, there are two unknowns, the deformation x and the pressure p. The pressure
is essentially a Lagrangian multiplier arising from the constraint of incompressibility (see below).

4.1.1 Kinematics
The important deformation-based quantities are the deformation gradient and deformation tensor. The
deformation gradient is defined to be
ox ox;
F=—, i.e. Fiy = ,
X M OX
from which the Green deformation tensor is defined to be

C=F"F ie. Cun = FinFin,

The Lagrangian strain tensor is £ = %(C — I) but it is easier to work with C rather than E.

Note that det(F') must be positive everywhere; this is the constraint of non-interpenetrability. In incom-
pressible problems, the constraint of incompressibility can be stated as det(F) = 1 everywhere in the body,
or equivalently det(C) = 1.

The following variables and notation are often used: J = det(F), Iy = tr(C), I, = 3((tr(C))? — tr(C?)),
and I3 = det C' (so J% = I3). The latter three variables are the principal invariants of C.

4.1.2 Stress

There are three important stress tensors: the Cauchy stress, o or o5, which is a measure of the true stress in
the body, the force acting on a surface in the deformed body, per unit deformed area; the first Piola-Kirchhoff
tensor, S or Sy, which measures the force acting on a surface in the deformed body per unit undeformed
area; and the second Piola-Kirchhoff stress, T, or Ty, which is a transformed (non-physical) stress, the
force ‘acting’ on a surface in the undeformed body, per unit undeformed area. o and T are symmetric. The
relationship between the stresses are

1 1
= FS T=SFT = FTFT
7T detF ’ 7T det F

To link stress and strain (or stress and deformation), a material law is required, which is a nonlinear
functional relationship linking stress and deformation. The material law is material-dependent and can only
be determined by experiment. For hyper-elastic materials, the law is defined via a strain-energy function
(see Section 4.2).

For compressible materials, the material law is a relationship between stress and deformation gradient:
T =T(C) (or alternatively, T = T(FE), S = S(F), 0 = o(F), etc). For incompressible materials, the stress
is also dependent on the pressure: T'= T'(C, p).

Example material relationships are given in Section 4.2.

13



4.1.3 Equilibrium equations

Let b be the body force per unit mass (generally equal to (0,0, —g) if the effect of gravity is not neglected,
or zero otherwise), and pg the density. The equations of static equilibrium which determine the new config-
uration x(X), given a material law, is V - S + pob = 0—“divergence of stress plus body force equals zero.”
Written in terms of the 2nd Piola-Kirchoff stress, this becomes

Compressible case: find x = x(X), given a material law T' = T'(C(x)), satisfying

o (Tun(X)Fin(x)) + pobi =0 in (o, (29)
0X

Suitable boundary conditions are the specification of the deformation on part of the boundary of €y and
surface traction on the remainder of 9Q:

x = x° on 8Qgi5p
TF'N = s on 9N
where x* is the specified deformation, N is the undeformed unit normal, s is a specified surface traction

(force per unit area), and 89815]3 and 00§ are disjoint subsets of 9y whose union makes up 9.

In incompressible elasticity, we have in addition the constraint of incompressibility, which is det F = 1,
and the fact that the stress T is dependent on the pressure.

Incompressible case: find x = x(X) and p = p(X), given a material law T' = T(C(x), p), satisfying
0

v — (Tun(x,p)Fin(x)) + pobi = 0, (30)
X
det F = 1, (31)
where b is the body force per unit mass, pg is the density, and with boundary conditions as above:
x = x' on 9NG*P
TF'™N = s on 9O

4.2 Hyper-elasticity and material laws

To close the above formulation we need to specify the relationship between T and C.

Consider the compressible case first. The definition of hyper-elasticity is that there exists a strain energy
function W = W(E), from which the 2nd Piola-Kirchhoff stress is determined by T = %—Vg. Equivalently,
W =W(C) and T = 22%.

In the isotropic compressible case, the strain energy becomes dependent on just the three principal
invariants of C, i.e. W = W (I, I5, I3). Defining the notation wy = gTVZ(Il, I, I3), the stress is then given by

ol 22D 0l3
T = 211)17 + 211)27 + 211)37
aC oC aC’
which, using some useful formulae®, becomes
ow
T =255 =2wl+ 2wo (I, T — C) + 2wz 30~ . (32)
5For a (general, not-necessarily symmetric) matrix A: for I7(A), BgEN =dpun and CMA;;% = 0; for I2(A), 621{?1\7 =
2 e _ DAL
Liéyn — Amn and BAMaNg2APQ = duNOp@ = Smping; and for I3 = det(A), 8%1‘;;5?)) = det(4)(A™!)gp and aAZ\gg -

—AX/[lpAé}\r (differentiate A™1A = T).
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Any compressible material law should satisfy T'(I) = 0, i.e. zero stress when no deformation, which
provides a constraint on material parameters.

To implement isotropic compressible material laws, wq, w2 and ws, as well as each second derivative w;;,
needs to be calculated and coded—see AbstractIsotropicCompressibleMateriallaw and child classes.

R 1 _
Compressible material laws are often written in terms of the deviatoric invariants, Iy = I11; *, and I, =

_2
I,I5 3 (these are the strain invariants of C' after being scaled to have unit determinant—see for example
[Horgan and Saccomandi, Journal of Elasticity, 2004] for more details). For example, the Neo-Hookean
material law is

W, I, I3) = ci(lh—3)+cs(J—1)%
(77 —3) +es(I2 — 102,

(note the —1/3 here is 3D-specific).
Incompressible laws are similar except they depend on the pressure and I3 in a specific way:

W(C) = Wm(C) = £(I; — 1),

where W™at((') is material-dependent and to be measured experimentally. This gives the stress

Incompresible laws have a particular pressure pg, generally non-zero, which is present in the undeformed
body, i.e. satisfying T'(I, py) = 0.

In the ilsotropic incompressible case, we have W = W™ (I, I,)—§(I3—1), and T = 2w I+ 2w (1,1 —
C)—pC—Ht.

4.3 Weak form and finite element discretisation

For the weak form, we use the notation 0x for the test functions (one vector-valued function rather than, say,
three function vy, v2,v3). Write V for the space of deformations®. Let Vy be the subspace of deformations
which are zero on 95, i.e. Vo = {y € V : y(X) =0 if X € 99Q5""}.

The weak form for the compressible equilibrium equation (29) is obtained by taking the inner product
of (29) with dx and integrating using the divergence theorem, from which we obtain:

Compressible case: find x € V such x = x* on 9" and

Ox; 0(dx;) / / .
Thr - dVp = bidx; dVy + s;0x; d.S Vox € V), 33
/Qo MN XN 0Xus 0 o Po 0 s 0 0 ( )

For the incompressible case, we also have the constraint equation, which we have to multiply with a test
function &p, from a suitable space” W, and integrate.

Incompressible case: find x € V and p € W such x = x* on 0(28“’ and

0:171- 0(5T2) . N ‘
/Q . MN X~ 0Xus 0 /Q ) Pob;0x; dVo /() - s;0x; dSo x €V ( )

0 Vépew (35)

/ op (det F' — 1) dVy
Qo

6This is the space H'(£2)3.
TL2(Q).
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(This can also be written by summing these two equations and saying Vox € Vo, Vop € W).

For the FEM implementation we just consider the incompressible case—the compressible case just involves
ignoring the pressure equations or blocks.

Suppose we have a mesh in which x will be solved at A" nodes and p will be solved for at M nodes. For
example, when using a quadratic mesh, with quadratic interpolation for displacement (i.e. for x), and linear
interpolation for pressure®, then N is the total number of nodes, and M is the number of vertices. Now,
the total number of unknowns is 3A + M (assuming a 3D problem). Let ¢1, ¢, ..., ¢ by the bases used
for displacement (in this example, quadratic bases), and 91, va, ..., ¥ those for pressure (in this example,
linear bases).

Let the unknown x-values at the nodes be denoted X = ((X1)1, (X1)2, (Xr)3) = (X1, V1, Z1), so that
X = E?;l X ¢r. Similarly, let the unknown pressures be Py, ..., Py, so p = Z?il Pry. Let us write the
vector of all the unknowns as

AZ(Xl,...,X/\[,yl,...,y/\[,zl,...,ZN,Pl,...,PM).

Now, suppose I is an index into A, in others words, that 1 <Z < 3N + M. Clearly Az is either a spatial
variable, (X7)q for some d = 1,2 or 3 and some I < N; or a pressure variable, P for some I < M. Let us
introduce the notation

T =disp(I,d)

if Z corresponds to a spatial unknown and Az = (X7)4, and
T = pressure(])

if 7 corresponds to a pressure unknown and Az = Pr. For example, for small I, if 7 = I then Z = disp(7, 1);
if Z=2N + 1 then Z = disp({, 3), if Z = 3N + I then Z = pressure(I).

A: Xl,...,XN,yh...,yN,Zl,...,ZN,Pl,...,PM

I=disp(I,1) ZI=disp([,2) Z=disp(I,3) Z=pressure(l)

There will be 3N + M nonlinear equations in the finite element problem. The first 3N equations are
obtained by setting 6x = (¢;,0,0) in (34) for I = 1,..., N, then éx = (0, ¢;,0), then éx = (0,0, ¢;); and the
next M equations obtained by setting dp = ¢y in (35), I = 1,..., M. Overall, we have: solve F(A) = 0,
where

Fr(A) = Jo, TunFan 0;”1 dVo = Jq, Pobadr AVo — [youac Sadr dSo if 7 = disp(1,d)
’ [(2 7 (det FF — 1) dVg if 7 = pressure([)
In this equation 7" and F' should be considered as functions of A, through 7" = T(C(x),p) with x =

Z,_l X¢rand p = Z,_l Prir.
This equation has to be solved using a nonlinear solver such as Newton’s method. We use Newton’s
method with damping, for which we need to compute the Jacobian, 22%. After some calculation, the

' 0Ag
Jacobian can be shown to be
fQo gg”ég ( eQ gg?}’) + Fep aXQ) Fan 3?;?;1 + TN Oge g‘;‘]N 86)?;4 dVy if 7 =disp(I,d), J = disp(J, e)
0Fr _ Ja, —p7Cy /v Fan BXI dVp if Z = disp(1,d), J = pressure(J)
A7 Jo, ¥r(det F)Fy,L aa)?}; dVo if Z = pressure(l), J = disp(J, )
0 if 7 = pressure(I), J = pressure(J)

8The order of polynomial interpolation for pressure must be lower than that for displacement.
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which can be simplified further to (here, we write the first term using the symmetrisation of 80 so that a
smaller number of contractions (i.e. tensor-matrix multiplications) is required, which significantly reduces
the computational cost)

Jo, (%Ef‘;g %Egz) FunFuq 385 B2 + Tunbac 8- 205 Vo i 7= disp(1,d), T = disp(J, )
Jacry — Jo, —VF MdBXM dVo if Z = disp(I,d), J = pressure(J)

fQo Yr(det F)F;,! ;;f;f dVo if 7 = pressure(I), J = disp(J, e)
0 if T = pressure(I), J = pressure(J)

36)

—

8% has to be provided by the user (through the material law).
Rewriting slightly, we have

Jo ((gggg + —ggg;;) FupFao+ TMN(Sde) 201 241 gy, if 7 = disp(I,d), J = disp(J, )
Jaczy =4 Ja, ¥ TPy dvy if 7 = disp(I,d), J = pressure(.J)
fQo r(det F)FMle 59)?11 dW it 7 = pressure(!), J = disp(J, €)
0 if T = pressure(I), J = pressure(J)
(37)
Note that the term multiplying the basis gradients is just —Ii written in terms of 2 5E L and T
OSnri OTyp  OTup
= FpF; TrrnGij
OF;n (aCNQ T a0y ) rtie T Ny

If we had used S in the weak form rather than TF7T than this gs term would have dropped out immediately.
Overall, we have

. OSpyrg Oby Odr 1 Lo T
fo OFen OXn DX dVo if 7 = disp(1,

d), J = disp(J, e)
];,0 W /F\m ()(;” dVy if 7 = disp(1,d),

(

(

J
Jaczy = J = pressure(J)
), I
), I

j() r(det F) \7,1 (;){) L dVy if Z = pressure(/

= disp(J, e)
if 7 = pressure(/ = pressure(J)

Note that the Jacobian has a natural 2 x 2 block structure

Jll J12 } displacement
Jac =
Jo1 0 } pressure

J11 is not in general symmetric, and Ji5 is not in general equal to —Jo;. (It would be if we set det F' = 1
in the third equation in (38), but although det F' must be 1 for the solution, it may not be of the current
Newton guess).

4.4 Test problems

We can use test problems with exact solutions to test the solvers. It is almost impossible to prescribe normal
body forces and/or boundary conditions on a regular domain and solve the equations analytically; however
we can instead choose a deformation which we want to be the solution, and then choose the appropriate
body force and surface tractions which will give that solution.

The incompressible test problems are either based on the simple deformation x = (aX,8Y), and then
documented in the code, or a nonlinear deformation described in [Pathmanathan et al., Journal of Strain
Analysis for Engineering Design, 2009]. See tests in pde/test/TestNonlinearElasticitySolver.hpp.

One of the compressible test problems also uses x = (aX,[Y) and is relatively simple. The other
test problem uses a nonlinear deformation and is described fully here, as it requires a large calculation to
determine the appropriate body force and tractions. The compressible tests are defined in the test pack
pde/test/TestCompressibleNonlinearElasticitySolver.hpp.
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Nonlinear compressible test problem
The compressible test problem is 2D and uses the Neo-Hookean material law
W (I, I3) = c(I; — 3) + d(J — 1),
where (defining m = —1/DIM), I} = I;If*. Then
wy = elf? w3:m011[§n71+d(1—13_%).
The stress is T = 2wy + 2w3I3C L, which, written in terms of the 1st Piola-Kirchoff tensor, is
S = 2w FT + 2wsIsF~ 1.

Suppose the body is the unit square, and the X = 0 side is given displacement boundary conditions, and
the remaining surfaces are traction boundaries. We choose the following deformation

X: < q(Xt%Xz) >7
14+aX

where ¢ and a are parameters. Note that the deformation is compressible if ¢ # 1. Writing A = 1+ a X, this
gives a deformation gradient

_ q)\ 0 -1 _ 1 )\71 0
F= ( ~Yar=2 A7 ) - =y ( Yar2 g\

and therefore

Il _ q2)\2 4 G2Y2)\_4 + )\—27
I3 = q2.
Then
wy = qum»
ws = mehg® % +d (1 - qil) ,
and
g—9 wig\ + qus At —wYar—2
qwsYal™2 wiAT! + wyg? A

We can now read off the tractions: the traction on the top surface is (S21, S22), the traction of the right-hand
surface is (S11,512), and the traction on the bottom surface is (—Sa21, —S22).
Finally, we can compute

dws 2m—2 2 21,2y =5 -3
X meq a( q-A a“Y“\ A )
dws 2m—2 —4
= 2 mT2aY
% mcq a¥Y A (39)
and using these
oS 0
3)21 = 2 (wlqa — w3ag\ "2 + q)\_li;u;)
8512 2 _3
= 4 Y
X wi1a“Y A
8521 _9 _9 8’11)3
= 2 A Ya\=7"——=
E)% (qwga +q¥a Y
8522 2 811}3
= 2 _—
oy A gy
(40)
These are used in prescribing the appropriate body force: b = —pio (65)1(1 + aégf,l, 035)1(2 + 859}%2).
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4.5 Other implementation calculations

The material law classes need to provide a function which returns T' (a matrix, i.e. a 2nd-order tensor) and
g—g (a fourth order tensor, 27];{‘;{ - ) given C.
In the isotropic cases, they make use of the following.

Compressible case

The stress is given by
T = 2’[01] + 211.)2(]1] - C) + 2w3]3071

which means that

10T
155 = wil @1 +wiol @ (LI — C) + wizls] @ C
+ wor (LI —C)® I+ wy(lhI-C) (LI-C)
oC
+ w23]3<11[_0)®0_1+w2 (I@I_ac’)
+ w3 [3CT @ T+ wl3C e (LT - C)
1 1 oCc—1
+ (w3 + I3wss3)[3C™ @ C™ " + wsls 5C
Here A ® B represents the tensor Z satisfying Zynpg = AmunBpg. Two tensors, % and agc— 1, cannot be
written in this way: they are %%‘zg = dppong and (Z)%Eg = —C;/[lPC@lv.

This is implemented in AbstractIsotropicCompressibleMaterialLaw.

Incompressible case
This case is less complicated given the form of the strain energy function. The stress is given by

T = 2w I + 2wo (I, I — C) — pC~*

which means that

10T
ZaiE: ’U)11]®I+’LU12]®(I1I70)
+ wgl(llff C) ®I+w22(11]7 C) X (Illf C)
oC
I®I——
w2( @ ac)
B@C’l
2 oC

This is implemented in AbstractIsotropicIncompressibleMaterialLaw.
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5 Cardiac electro-mechanics

5.1 Formulation

In cardiac electro-mechanical problems, the monodomain/bidomain equations are amended slightly to take
into account the deformation, an extra set of ODE systems—the contraction model, which model active
force generation on the cell-level—are introduced, and this active force is added to the nonlinear elasticity
equations.

Physiologically, the mechanical response in the cell is dependent on the electrical activity largely through
the intracellular calcium concentration, [Ca®"], and therefore most contraction models take this as input?.
Now, let m denote the undeformed unit fibre direction. The fibre-stretch (stretch in the fibre-direction) is
then given by mTCm (C is the standard deformation tensor defined in Section 4). The contraction model
can also be dependent on the fibre-stretch, as well as possibly on the fibre-stretch-rate, A. Let w be a vector
of internal state variables for the contraction model. The contraction model is a set of ODEs determining
how the state variables evolve and an equation which provides the active tension, o,. Despite the name, this
is actually a stress not a force; a scalar stress generated at the cellular level in the fibre direction in response
to excitation.

dw
dt
0o = oq(w;[Ca?t] A\ N). (42)

= g(W; [Caz+]7 A, >‘)7 (41)

Note that we have denoted active tension as o, rather than the more common T,. This is to emphasise the
fact that the active tension is likely to be a Cauchy (true) stress, rather than a Piola-Kirchhoff stress. This
is will be the case if the deformed cross-sectional area (rather than undeformed cross-sectional area) was
used in the experiments used to fit contraction model parameters.

The equations of nonlinear elasticity are amended to take into account the active response of the tissue

by introducing a third term to the stress which depends on the active tension'®
ow o
T=2— —pC '+ —%—mm" 43
ac P + miCm (43)
or _ _
T — Tpasswe + Tactlve’ (44)
where
X awmat
Tpassive  _ 9 _ 071
aC p )
Tactive _ &mmT ) (45)

)\2

Tactive js the active (tensor) stress corresponding to the cellular active tension that is induced in the fibre
direction. The denominator just scales the active tension for the undeformed state (see cardiac electrome-
chanics papers).

We assume the tissue is always instantaneously in equilibrium and that that inertial effects can be
neglected (i.e. quasi-steady), which means the static equilibrium equations, (30) and (31), are used. We also

9Some simpler models are instead dependent on the voltage and some also possibly explicitly on time.
10This equation can be understood better if we consider the Cauchy stress counterpart, and assume the fibres are in the
X-direction. This the corresponding total Cauchy stress is

Oq 0 0
o_total _ gmat —pl + 0 0 .
0

=]
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take zero body force (i.e. neglect gravity), so the equations of equilibrium are:

det(F) = 1. (47)

where T is now the total stress, with zero traction boundary conditions 9Q?°. It is not clear what a suitable

. disp % 2
choice of 025" and x* is.

The deformation affects the electrical activity in two ways. First, the deformation of the tissue alters
the geometry over which the voltage propagates, altering the spatial derivatives in (7); and secondly, the
cell-model can be dependent on fibre-stretch through the so-called ‘stretch-activated channels’. Equations
(7) and (8) become

ov

Xcma = V. (F710F7TVV) — Xion(u, V, A), (48)
du
N = f . 4
dt (u7 Vi /\) ( 9)

(Note: F~loF~T = C~l¢ if o is isotropic, i.e. if fibre directions are not being used in the electrical
simulation). The code currently has C~! replaced with the identity, as in the case of simple propagation it
has been shown that this approximation gives very little error (essentially because, when there is diffusion
of the voltage occurring, there is little deformation).

5.2 Implicit or explicit schemes

Consider evaluating a stress T' = T'(C). T is dependent on o, which is dependent on C' through possibly being
dependent on A and A. One possibility is to use the previous value of A and \ for computing o, (so using both
the current and previous value of C' in evaluating T'). This is the commonly-used ezplicit method, and has the
advantage that the contraction models ODEs need only be solved once per timestep (per node/quadrature
point). However, this can have serious stability/accuracy issues (see cardiac electromechanics paper). The
alternative is to evaluate o, using the current value of C', which is the implicit method. This has no stability
issues, but requires the contraction models ODEs to be re-integrated every time a stress is evaluated (which
is several times during the nonlinear solve). Letting C™ be the value of C' at the previous timestep, etc, the
two schemes evaluate T using:

_ 8W n+1 n+1\y—1 aa()‘na /\n) T
in the explicit method, and
ow n+1 n+1y—1 Ua()‘nﬂa/.\nﬂ) T
T = 2—80 (e —p(C™TH T+ BT mm -, (51)

in the implicit method.

The weak form, finite element residual F and finite element Jacobian are all unchanged, they just need
to be computing using the total stress, using both passive and active parts. This introduces an extra term
in the g—g term used in 37). In the implicit case, this term can be computed to be

dTastive 0a | 004/ON+ 2700,/0)
% _ <)\i + a/ /\?t a/ MMMNMPMQ.
0CPQ

The derivatives of o, need to be approximated numerically.
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5.3 Anisotropic passive material laws

Finally, a note on the implementation of anisotropic passive material laws, in particular cardiac material
laws which depend on the fibre, sheet and normal directions!'. An example is the pole-zero material law,
which has terms of the form k¢sEyy, where kfs is a parameter and Eyy = mTEm. Let us write my (=m),
m, and m,, for the fibre, sheet and normal directions. The material law implementations take in C and the
change of basis matrix P, defined by

P =[m; m, m,].

The stress is computed by assuming the fibres are parallel to the X-axis, and the sheet in the XY plane, by
transforming C' to the fibre-sheet basis prior to the calculating the stress (C' — C*) and transforming the
resultant T™* after it has been computed. Also, the material law will return %7 which has to be transformed
as well. The appropriate computations are

c*=prP'cp T*=T*(C*) T=PT*PT

and
dTyn dT*

:PMmPNnPPpPQq ’V:L(TL.
dCrq dc;,

1 More precisely, these are three orthonormal directions at each point, the first being the fibre direction, the second being a
vector in the sheet orthogonal to the fibre, the third being normal to the sheet.
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